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Abstract 
Herrlich, H., Hyperconvex hulls of metric spaces, Topology and its Applications 44 (1992) 181-187. 
The following facts are shown: 
(1) Each bounded hyperconvex space X is a hyperconvex hull of the subspace EX of X, whose 
elements are the endpoints of X. 
(2) The hyperconvex hull of Iw”, supplied with the sum metric d, , is iw”‘-‘, supplied with the 
maximum metric d,, 
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Introduction 
In this paper hyperconvex extensions of metric spaces are investigated. Sections 
1 and 2 contain the basic definitions and the known characterizations of hyperconvex 
spaces as injective spaces and of tight extensions as essential extensions. The main 
new results are Theorems 4 and 5 in Section 3. 
Notation. (1) For a metric space X, its underlying set is (incorrectly) denoted by 
X and its underlying metric by dx. 
(2) If X is a metric space, x E X, and r E R+, then B,(x, r)={~~X/d~(x,~)<r} 
is the closed ball in X with center x and radius r. 
Definition. A map f: X + Y between metric spaces is called 
(1) a contraction provided that dy(f(x), f(x’)) s d,(x, x’) for all x E X and X’E X, 
(2) an extension of X or an isometry provided that dy( f (x), f(x’)) = dx (x, x’) 
for all XE X and X’E X. 
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Definition. A map t :X+R+ is called right provided that it is a minimal element 
(with respect to the pointwise order) in the set of all maps f: X + [W+, which satisfy 
dx (x, x’) of +f(x’) for all x E X and x’ E X. 
1. Hyperconvex = injective 
Definition. In X a family ( Bx(x,, T~)),~, of closed balls meets potentially provided 
that there exists an extension e : X + Y of X with nit, B,(e(xi), r;) f 0. 
Proposition. If 93 = ( Bx(xi, r,)),,, is a family of closed balls in X, then the following 
conditions are equivalent: 
(1) 93 meets potentially in X, 
(2) any two balls Bx(xi, r,) and B,(x,, r,) meet potentially in X, 
(3) d(x,,~,)~r~+r,foralliEIandjEI, 
(4) there exists a tight map t : X + R’ with t(x,) s r, for each i E I. 
Proof. (l)+(2)+(3) obvious. 
(3)+(4) obvious for I = 0. Otherwise define a map f: Y + [W+ from Y = {x, 1 i E I} 
to lR+ by f(y) = Inf{ ri 1 x, = y}; fix an element y, E Y, and define a map g : X + Iw+ by 
g(x) = 
1 
f(x), ifxE Y, 
f(y,J+ d(x, y,,), otherwise. 
Then g(Xi) s ri for each i E Z and d(x, x’) G g(x) + g(x’) for all x E X and X’E X. By 
Zorn’s lemma there exists a tight map t:X+R+ with t ~g. 
(4)+(l) Let t:X+R+ be a tight map with t(x;)c ri for each iE I. Extend X to 
a space Y by adding one point y0 to X and by defining d,(x, y,) = t(x) for each 
XEX. Then yoEni,, B,(x,, ri). 0 
Definition. A metric space X is called 
(1) hyperconvex provided that any family of closed balls, which meets potentially 
in X, meets in X, 
(2) injective provided that for any contraction f: Y + X and any extension e : Y + 
Z of Y there exists a contraction F: Z -+ X with f = F oe. 
Theorem 1 (Aronszajn and Panitchpakdi [l]). For a metric space X the following 
conditions are equivalent : 
(1) X is hyperconvex, 
(2) X is injective, 
(3) for any tight map t :X + [w+ there exists x E X with t(x) = 0, 
(4) for any tight map t : X + K!+ there exists x0 E X with t(x) = dx (x, x0) for all x E X. 
Proof. Straightforward by the above proposition. •i 
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2. Tight = essential 
Definition. An extension e :X + Y is called 
(1) tight provided that any metric d on Y, which satisfies d s dy and 
d(e(x), e(x’)) = d,(x, x’) for all x E X and X’E X, must equal dy, 
(2) essential provided that any contraction f: Y + 2, for which f 0 e : X + Z is an 
extension of X, must be an extension of Y. 
Theorem 2 (Dress [3]). For any extension e: X + Y the following conditions are 
equivalent : 
(1) e:X+ Y is tight, 
(2) e: X + Y is essential, 
(3) dy(y,, YA = SWd,(x,, ~4 - d,(e(x,), Y,) -dde(xA Y~)I(x,, x2) E X2> for 
ally, E Y and yze Y, 
(4) (a) for every y E Y the map fv : X + Rf, dejined by fV(x) = dy(y, e(x)), is tight, 
and 
(b) dy(yl, yd = Sw{ld,(y,, e(x)) -dy(y2, 4x))l (xe Xl for every pair 
(Y I , Y2) E y’. 
Proof. (l)-(2) obvious. 
(l)=(3) is demonstrated in Dress [3]. 
(3)ti(4) follows immediately from the inequalities: d,(x,, x2) - d,(e(x,), y,) - 
d,(e(xJ, ~~1s dd4.d Y,) - d,(e(xd, y2)s 14(4x2), y,) -d,(e(xd, ydl. 
(4)3(l) obvious. 0 
Remark. An extension e : X + Y, which satisfy (4a), may fail badly to be tight. Let, 
e.g., Y be [0, 11” with the sum metric d, and let X be the subspace of Y with 
underlying set ((0, 0), (1, l)}. 
3. Hyperconvex hulls = injective hulls 
Definition. An extension e: X + Y of X is called 
(I) a hyperconvex hull of X provided that Y is hyperconvex and e is tight, 
(2) an injective hull of X provided that Y is injective and e is essential. 
Theorem 3 (Isbell [4], Dress [3]). (1) A n extension is a hyperconvex hull if and only 
if it is an injective hull. 
(2) Each metric space X has an essentially unique hyperconvex hull e, : X + HX. 
Proof. (1) immediate from Theorems 1 and 2. 
(2) Let HX be the set of all tight maps t : X + [W+, supplied with the sup metric 
d,; and let e,x :X + HX be defined by (e,(x))(x’) = d,(x, x’). Isbell [4] has shown 
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that e x :X + HX is a (minimal) hyperconvex extension of X, and Dress [3] has 
shown that e, : X + HX is a (maximal) tight extension of X. Thus e, : X + HX is 
a hyperconvex hull of X. Essential uniqueness follows from the fact that injective 
hulls are essentially unique. 0 
Definition. Let X be a metric space. 
(1) A finite or infinite sequence (x,, x2,. . .) in X is called collinear provided that 
i<j<k implies d,(x,,x,)=d,(~~,x~)+d,(x,,x,). 
(2) An element x of X is called an endpoint provided that there exists an element 
y in X such that collinearity of (y, x, z) implies z = x. 
Lemma. If (x, , x2, x3) and (x, , x3, x4) are collinear in X, then so is (x, , x2, x3, x4). 
Proof. The inequalities dx (xi, x,1 s dx (~1, ~2) + & (~2, xt) s dx (x, , -4 + 
& (x2, 4 + 4 (x3, xd = 4 (x, ,x3) + &(x3, 4 = & (x1, 4 imply & (XI, x,1 = 
&(xl,x2)+dx(x2,x4) and d,(x,,x,)=d,(x,,x,)+d,(x,,x,). 0 
Theorem 4. Each bounded hyperconvex space X is a hyperconvex hull of the subspace 
EX of X, whose elements are the endpoints of X. 
Proof. By Theorem 2 it suffices to show that for (x1, x2) E X2 there exists (e, , e2) E 
(EX)’ such that (e,, xi, x2, ez) is collinear. Given (xi, x2), define E(x) = 
{y E X 1 (x,, x, y) is collinear} and e(x) = Sup{dx(x, y) (y E E(x)}. Construct a 
sequence (x,) in X such that for n 2 3: 
x, E E(x,,_,) and e(x,_,) s 2 . dx(x,_, , x,). 
By the above lemma the sequence (x,,) is collinear. In particular for n 3 2 the 
inequality C:=, dx(xi, xi+,) = dx(x2, x,+1 ) s e(xJ implies that C;“=, dx(xi, x,,,) con- 
verges. Thus (x,) is a Cauchy sequence in X. Since, as a hyperconvex space, X is 
complete, (x,) converges to a point e2 in X. For every n the sequence (x, , . . . , x,, e2) 
is collinear. Hence in particular e2E E(x,) for each n. To show that e, is an endpoint 
of X, let (x, , e2, z) be collinear. By the above lemma, each sequence (xi, x,, e,, z) 
is collinear. Thus dx(e2, z)d dx(x,, z) c e(x,)G2. dx(x,, x,,,) for n 22, which 
implies dx (e,, z) = 0, hence e, = z. Thus e, is an endpoint and (x, , x2, e2) is collinear. 
Analogously there exists an endpoint e, of X such that (e,, x, , ez) is collinear. By 
the above lemma (e, , x, , x2, e2) is collinear in X. q 
Remarks. For compact hyperconvex spaces the above result is contained in Dress 
[3] and in Isbell [4]. The reals form an unbounded hyperconvex space without 
endpoints. 
Theorem 5. For each n, (RZn-‘, d,) is a hyperconvex hull of (R”, d,). 
Proof. For each m EN, (Rm, d,), as a product of injective spaces, is itself injective, 
i.e., hyperconvex. Thus it suffices to construct, for each n, a tight extension 
e, : (R”, d,) + (LQ~~-‘, d,). 
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(1) n = 1. Obvious. 
(2) n =2. e,: (R’, d,) + (R’, d,), defined by ez(x, y) = (x+y, x-y), is an 
isomorphism. 
(3) n = 3. e3: (R3, d,) + (R4, d,), defined by 
e,(x,,x,,x,)=(-x,+x,+x,, x,-x2+x,, x,+x~-%, x1+x2+x3), 
is an injective extension. Thus there exists a subspace X of (lR4, d,) such that the 
corresponding restriction e3 : (R’, d,) + X is an injective hull. It suffices to show that 
X = R4. Let P = (x, , x2, x3, x4) be an arbitrary element of R4. Define s = x, +x2+ 
xs-x4. Then each of the following four points P, belongs to e,[R’]: 
P, =(x,+s, x2-q x3, x,+x), 
P2=(x,-s, x2+% x3, x,+s), 
P3 = (x, -s, x2-s, x3 + s, x4), 
P4=(x,, x2-q xx-s, x4-s). 
Since f--g_, &P,~,) (Pi, IsI) = {P}, hyperconvexity of X implies P E X. Thus X = R4. 
(4) n 2 4. Let P be the powerset of I = (1,. . . , n} and let Q be a subset of P, 
which satisfies the following two conditions: 
(a) if AC I, then exactly one of the sets A and Z\A belongs to Q, 
(b) if i E I, then I\{ i} belongs to Q. 
Express Q as an 2”-‘-tuple (A,, . . , A2” 1) such that Aj = Z\(i) for i E I. Denote 
Z\A, by B, and define an extension e, : (R”, d,) + (R2”m’, d,) by 
e,(x,),,, = (.f,),z 2” 1 with X, = c Xi - 1 X,. 
It A, IC”, 
For each k E {n, . . . , 2nm’} define 
Then e,[R”] = H2” I c H,PI_, c . . . c H,,,, c H, =R2”m’. 
Since e, : (R”, d,) --z (W’” ‘, d,) is an injective extension, there exists a subspace X 
of (W”‘~‘, d,) such that the corresponding restriction e, : (R”, d,) + X is an injective 
hull. It suffices to show that X =R2”~‘. We proceed by backward induction: 
(1) Obviously Hz-l c X. 
(2) Assume that H,,, c X for some k 3 n. We claim that this implies Hk c X. To 
show this, let p = (pi) be an element of HL. Define 
We will construct 2 . (k + 1) points q, in H,,, with 
Z(k+l) 
n fwmh kh, (n - 1) . IsI) ={P>. 
/=I 
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(2a) Consider 1 E I. Define a point q2, = (xj) E ZZkt, by: 
( 
p,+(n-l).s, forj=Z, 
-x, = P,, forj E I\{ I}, 
pj+(n-l).s, forj>k+l. 
Then d,(p, q2,) = (n - 1) . (sj and xl = p, + (n - 1) . s. Further define a point q2,-, = 
(xi) 6 H~+I by: 
( 
pi-(n-l).s, forj=Z, 
3 = p,, forj E Z\(Z), 
p,+(n-l).s, forj>k+l. 
Then d,(p,q,,~,)=(n-l).lsl andx,=p,-(n-l).s. 
(2b) Consider 1 E {n + 1,. . . , k}. Choose ioe (A, n Bk+l) u (B, A Ak+l), choose i, E 
Z\{i,}, and define a point q2, = (x,) E Hk+, by: 
x,= p,-(n-2).s, 
I 
1 
p,+(n-2). s, forjEA,\{i,}, 
forj~Z%\{iJ, 
P/7 forj = i,, 
p,+(n-l).s, forj>k+l. 
Thend,(p,q,,)=(n-l).I 1 d s an x,=p,+(n-l)~s.Next,choosei,~(A,nA~+,)u 
(B, n &+,), choose i, E I\{&}, and define a point q2/_, = (Xj) E Z&+r by: 
1 
p,-(n-2). s, forjEA,\{i,}, 
p,+(n -2) . s, forjE B,\{i,}, 
xj = 
Pj, for j = i, , 
pi-(n-1). s, forj> k+l. 
Then d,(p,q,,_,)=(n-l).Isl andx,=p,-(n-l)*s. 
(2~) Consider 1= k+ 1. Let _Z be a 2-element subset of Z and define a point 
q2(k+l)=(Xj)E Hk+r by: 
1 
p;+(n-2).s, forjE(Ak+,\J), 
x,= p,-(n-2)*~, forjE(ZG+r\J), 
, 
Pj, for j E .Z, 
p,+(n-l).s, forj>k+l. 
Then d,(p,q2k+,)=(n-l).Isl and x,=p,+(n-l).s forjzk+l. Further define 
a point q2(k+l)=(Xj)E Hk+, by: 
( 
p,-(n-2)*s, forjEAk+,, 
x,= p,+(n-2).s, forjEZ$+,, 
p,-(n-l).s, forj>k+l. 
Then d&p, q2k+l - )-(n-l).lsl and xj=pj+(n-l)..s forjsk+l. 
Thus the points qr belong to H,,, and f-):r,+” BcR2”-‘,d,j(ql, (n - 1) * 1.4) = {p>. 
Since X is hyperconvex, this implies p E X. Hence Hk c X. Consequently X = 
2”?’ 
R .o 
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Proposition. I,, the space of all realvalued bounded sequences with the sup metric d,, 
is a hyperconvex hull of its subspace co, consisting of all sequences which converge to 
zero. 
Proof. I, is hyperconvex. For any x = (x,) E I, there exists r E [w+ with Ix,, s r for 
each n. Define points pzn =(x,) and p2+, =(y,,,) in cO by x,,, = &,(x,,+r) and 
y, = a,,,,,(~,, - r). Then n;=, B,J p,,, r) = {p} implies that the extension cO+ Z, is 
tight. Cl 
Remark. Hyperconvex hulls of finite spaces are investigated by Dress [3]. 
Note added in proof 
Rao [7] has brought to my attention the following fact: for Banach spaces, their 
injective hulls formed in the category Met of metric spaces and contractions respec- 
tively in the category Ban of Banach spaces and linear contractions (Cohen [2]) 
essentially coincide (Isbell [5] with incomplete proof; however Rao has a complete 
proof). Thus the above Theorem 5 can be deduced from results of Lacey and Cohen 
[6]. The proof presented here seems to be of independent interest, since it is more 
direct, e.g., it does not rely on the Axiom of choice. 
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